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Inverse difference operators preserve structure between local














, , $t_{1}$ $t_{0}(\neq t_{1})$
1. , (BDF)
1 3 $\delta_{n}^{\langle 1\rangle}u_{n}=(11/6u_{n}-3u_{n-1}+3/2u_{n-2}-1/3u_{n-3})/\Delta t$
SPM , $\delta_{n}^{\langle 1\rangle}E_{n}\leq 0$















where $u$ : $Rarrow R^{n},$ $A$ : $0$ or ( ) , $f_{i}^{d}=^{ef} \frac{\partial J(u)}{\partial u_{i}},$ $J:R^{n}arrow R$ .
, $t$ , $u(t)$ $J(u)$
. $A$ $0$ ( ) $J$
, $A$ ( ) $J$ ( ) . $J$ / ,
$\frac{d}{dt}J(u)=f^{T}\frac{du}{dt}=f^{T}Af=\{\begin{array}{l}0 : A \text{ }=\text{ } 0,\text{ } (\text{ }) : //f (\text{ })\end{array}$ (2)
.








. , $f_{i}=\partial J/\partial u_{i}$
$(f_{d}:R^{n}xR^{n}arrow R^{n}$ $)$ ,
$(f_{d}(u_{a}, u_{b}))_{i}^{d}=^{ef} \frac{(DJ(u_{a},u_{b}))_{i}}{(u_{a})_{i}-(u_{b})_{i}}$ , (4)
2 , .
79
$($ , $u_{a}=u_{b}$ $f_{d}(u_{a},u_{b})_{i}=f_{i}(u_{a}))$ . ,
$(DJ(u_{a},u_{b}))_{i}= def\frac{1}{\#[u_{a}:u_{b}:i]}(\sum_{u\in[u_{a}\cdot.u_{b}:i]}J(u)-\sum_{u’\in[u_{b}\cdot.u_{a}:i]}J(u’))$ , (5)
$[u_{a}:u_{b}:i]def=\{u|(u)_{i}=(u_{a})_{i},$ $(u)_{j}=(u_{a})_{j}$ or $(u_{b})_{j}$ for $j\neq i\}$ , (6)
3. ,
$J(u_{a})-J(u_{b})= \sum_{i}(DJ(u_{a}, u_{b}))_{i}$ (7)
4.











$=f_{d}(u^{(n+1)}, u^{(n)})^{T}( \frac{u^{(n+1)}-u^{(n)}}{\Delta t})$
$=f_{d}(u^{(n+1)},u^{(n)})^{T}$ $A$ $f_{d}(u^{(n+1)}, u^{(n)})$
$=\{\begin{array}{l}0 : A \text{ }=\text{ } 0,\text{ } (\text{ }) // \text{ } (\text{ })\end{array}$ (9)
, $J$ $A$
















. , 3 (Backward Differentiation




$\delta_{n}^{\langle 1,BDF3\rangle d}=^{ef}\frac{\frac{11}{6}-3s_{n}^{-}+\frac{3}{2}(s_{n}^{-})^{2}-\frac{1}{3}(s_{n}^{-})^{3}}{\Delta t}=\frac{\{\frac{11}{6}-\frac{7}{6}s_{\overline{n}}+\frac{1}{3}(s_{\overline{n}})^{2}\}(1-s_{\overline{n}})}{\Delta t}$ (11)
6 $DJ(u_{a},u_{b})$
$(f_{d}(u^{(n)}, u^{(n-1)}, u^{(n-2)}, u^{(n-3)}))_{i}^{d}=^{ef} \frac{(\frac{11}{6\{}-\frac{7}{6}(s_{n}^{-})^{1}+\frac{1}{+3}(s_{n}^{-})^{2})(DJ(u^{(n)},u^{(n-1)}))_{i}}{\frac{11}{6}-3(_{n})1\frac{3}{2}(_{n})2-\frac{1}{3}(5_{\overline{n}})a\}(u^{(n)})_{i}}$ (12)
. ,
$\delta_{n}^{\langle 1,BDF3\rangle}J(u^{(n)})=\frac{1}{\Delta t}\sum_{i}(\frac{11}{6}-\frac{7}{6}(s_{n}^{-})^{1}+\frac{1}{3}(s_{n}^{-})^{2})(DJ(u^{(n)},u^{(n-1)}))_{i}$ (13)
.
6- $0$ , .
81
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$\delta_{n}^{\langle 1,BDF3\rangle}J(u^{(n)})=\frac{1}{\Delta t}\sum_{i}(\frac{11}{6}-\frac{7}{6}(s_{n}^{-})^{1}+\frac{1}{3}(s_{n}^{-})^{2})(DJ(u^{(n)}, u^{(n-i)}))_{i}$
$=f_{d^{T}}\delta_{n}^{\langle 1,BDF3\rangle}u^{(n)}=f_{d}^{T}$ $A$ $f_{d}$













, ( )m $\delta_{n}^{\langle 1,*\rangle}$
$(m$ $)$ 7.





$\delta_{n}^{\langle 1,*\rangle}u^{(n)}=Af_{d}(u^{(n)},u^{(n-1)}, \cdots)$ (17)
, ,
$\delta_{n}^{\langle 1,*\rangle}J(u^{(n)})=f_{d^{T}}$ $A$ $f_{d}$
$=\{\begin{array}{l}0 : A \text{ }=\text{ } 0,\text{ } (\text{ }) : " \text{ } (\text{ })\end{array}$ (18)










































, $\delta_{\overline{n}}=\frac{1-(s_{n}^{-})^{1}}{\Delta t}$ .
,
$( \delta_{\overline{n}})^{-1}=\Delta t\frac{1}{1-(s_{\overline{n}})1}$ $=\Delta$ $\frac{1-(s_{n}^{-})^{\infty}}{1-(\overline{n})^{1}}$ (20)
$= \Delta t\sum_{k=0}^{\infty}(s_{n}^{-})^{k}$ (21)
,




, $((s_{n}^{+})^{m}-1)\mathcal{I}$ (22) ,
$((s_{n}^{+})^{m}-1) \mathcal{I}=\Delta t\sum_{k=1}^{m}C_{k}(s_{n}^{+})^{k}$, where $C_{k}=1$ (23)
. ,
$J(u^{(m)})-J(u^{(0)})=$ $[((s_{n}^{+})^{m}-1)\mathcal{I}]f_{d}^{T}$ $A$ $f_{d}|_{n=0}$
$= \Delta t\sum_{k=1}^{m}C_{k}(s_{n}^{+})^{k}f_{d}^{T}$ $A$ $f_{d}|_{n=0}$
$= \Delta t\sum_{n=1}^{m}C_{n}(f_{d}^{(n)^{T}}$ A $f_{d}^{(n)})$ , where $C_{n}=1$ ,
$=\{\begin{array}{l}0 : A \text{ }=\text{ } 0,iE (fl) : // \text{ } (\text{ })\end{array}$ (24)














BDF3 $(\delta_{n}^{\langle 1,BDF3\rangle})^{-1}=\Delta$ $\sum_{k=0}^{\infty}[1+\frac{r^{k}}{11}(\frac{9}{\sqrt{39}}\sin k\theta-5\cos k\theta)](S_{n}^{-})^{k}$ (25)
$r=\sqrt{\frac{2}{11}},$ $\theta=$ Arcsin .
, $((s_{n}^{+})^{m}-1)\mathcal{I}$ . ,
, .
$k$
1: : BDF3 , : BDF3 $(m=50$ $)$
(25) , ,
( ) ,
( ) , (
) .
13










$\delta_{n}^{\langle 1,4\rangle d}=^{ef}\frac{1}{\Delta \text{ }}\{-\frac{1}{24}(s_{n}^{+})^{2}+\frac{9}{8}(s_{n}^{+})^{1}-\frac{9}{8}+\frac{1}{24}(s_{n}^{-})^{1}\}$ (26)
. ,
Center4 $( \delta_{n}^{\langle 1,4\rangle})^{-1}=\Delta t(\sum_{k=-\infty}^{-1}(1-c_{k})(s_{n}^{+})^{k}+\sum_{k=0}^{\infty}d_{k}(s_{n}^{+})^{k})$ (27)
$c_{k}$
def
$\frac{(1+\sqrt{\frac{6}{7}})}{2}(13-2\sqrt{42})^{-k-1},$ $d_{k}^{d}=^{ef} \frac{(1-\sqrt{\frac{6}{7}})}{2}(13+2\sqrt{42})^{-k-1}$ .
, .
















8. 1 : (BDF)
,
.
$\frac{d}{dt}z(t)=(\begin{array}{l}0-110\end{array})f(z(t)),$ $f(z)_{i}= \frac{\partial J(z)}{\partial z_{i}},$ $(i=1,2),$ $J(z)=(z_{1})^{2}+(z_{2})^{2}$ (28)
. (1) , $0$
$J(z(t))$ .
, BDF3
(14) . 3,4 .
ConsevaV$v\epsilon E$ with preserving-BDF3 scherr
$7.5400000000000995e+00$
$7.5400000000000498e\dagger 00$
$7.540000000000000e*00\cdot-arrow^{\backslash -}’\dot{a}^{;}\overline{\wedge}^{v,^{r\dot{R}-arrow s^{\tau_{--}’\backslash \not\in \mathscr{C}^{*r}}}}.\cdot\cdot\cdot\cdot\cdot\cdot$
$7.5399\infty 9999999503\circ+00$
$x(n)$
$7.5399999999999006e+00arrow 0500\infty 0\infty 0\infty 0\infty\overline{0}mo\infty omo00timest\epsilon p$
3: BDF3 (14) . : $(\Delta t=0\cdot 0001)$ ,
: $J(z(t))(\Delta t=0\cdot$0001 $)$
, $J$ (









5: $(\Delta t=0\cdot 01)$ . .
. , 7.2















$\frac{d}{dt}z(t)=(\begin{array}{l}-\alpha-110\end{array})f(z(t)),$ $f(z)_{i}= \frac{\partial J(z)}{\partial z_{\dot{t}}},$ $(i=1,2),$ $J(z)=(z_{1})^{2}+(z_{2})^{2}$ (29)
. $\alpha>0$ . (1) ,
( ) $(-\alpha(f_{1})^{2})$ $J(z(t))$
.
, BDF3
(14) . 6,7 .











7: BDF3 (14) (Euclid )
, ,
, .
, BDF , GBDF Block BDF
.
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